In this article, a collocation algorithm based on quintic B-splines is proposed for the numerical solu- 
Introduction
The non-linear wave phenomena has a distinguishing place in predicting the natural events. The long waves in water of varying depth are modelled by equations of motion. The equations introduced for small amplitude waves have a non-linear terms. The regularized long wave (RLW) equation was initially introduced as a model for small-amplitude long waves on the surface of water in a channel by Peregrine [1, 2] . Here, Peregrine examined the growth of an undular bore from a long wave. According to him, when the long wave of elevation travels in shallow water, it steepens and forms a bore. The RLW equation was discussed as an improved model of more common Kortewegde Vries (KdV) equation by Benjamin et al. [3] . The KdV equation defines the long waves with assumption of small wave amplitude and large wave length in non-linear dispersive and many other physical systems. Then, the idea of the equal width (EW) wave equation, which has both positive and negative amplitudes with same width, was proposed by Morrison et al. [4] . Therefore, the generalized regularized long wave (GRLW) equation and the generalized equal width (GEW) wave equation offer some technical advantages over the generalized Korteweg-de Vries (GKdV) equation. Such types of wave equations have solitary wave solutions, which are pulse-like.
The nonlinear GKdV equation has the following form:
the nonlinear GEW equation is described as
and the nonlinear GRLW equation, which discussed here, is given by
subject to physical boundary conditions U → 0 as x → ±∞, in which the subscripts t and x represent time and spatial differentiation, ε and p are positive integers, µ is positive constant. The boundary and initial conditions are assumed as U(a,t) = 0, U(b,t) = 0, t > 0, U x (a,t) = 0, U x (b,t) = 0,
in which f (x) is a prescribed function over the interval [a, b] and it will be determined next. In the fluid problems, U is related to the vertical displacement of the water surface or similar physical quantity. In the plasma applications, U defines the negative of the electrostatic potential. Hence, the solitary wave solution of Eq.(1), (2) and (3) reveals what many physical phenomena with weak nonlinearity and dispersion waves such as non-linear transverse waves in shallow water, ion-acoustic and magnetohydrodynamics waves in plasma and phonon packets in non-linear crystals mean.
Indeed, the nonlinear RLW equation is formed by getting p = 1 in Equation (3). In the literature, there are large quantities of studies on the RLW equation. In the 1960s, Peregrine studied the RLW equation with the growth of an undular bore [1, 2] . The approximate analytical method for the simulation of wave propagation in the nonlinear RLW equation was investigated by Morrison et al. [4] .
Quadratic B-spline collocation algorithm for the nonlinear RLW equation was proposed by Raslan [5] . The RLW equation was solved numerically by using collocation algorithm based on cubic, septic, quintic and sextic B-splines [6, 7, 8, 9] . Galerkin finite element method with quintic, quadratic B-splines was used to find numerical solutions of the one-dimensional RLW equation by Dag et al.
[10], Esen and Kutluay [11] . The new Galerkin method using linear finite elements for the RLW equation has been set up by Mei and Chen [12] .
In the case of p = 2, Equation (3) is known as the modified regularized long wave (MRLW) equation. The numerical solution of the MRLW equation was found by using collocation method based on quintic, cubic, quartic, septic B-splines [13, 14, 15, 16, 17, 18] . Ali employed the method of Mesh Free to obtain the numerical solution of the MRLW equation [19] . Collocation algorithm has been newly set up with extended cubic B-splines for numerical calculation of the MRLW equation by
Dag et al. [20] . Also the multigrid method has been developed for the numerical calculation of the MRLW equation by Abo Essa et al. [39] . Ak et al. [40] .
Considering the numerical algorithms applied to similar type non-linear equations, in this paper,
we have implemented the quintic B-spline collocation approach to GRLW equation. 
Each quintic B-spline φ m covers 6 elements, therefore each finite element [x m , x m+1 ] is covered by 6
splines. The numerical approximation U N (x,t) is described with the quintic B-spline functions by
where δ m (t) are the unknown time-dependent parameters to be calculated from the boundary conditions and collocation forms. Substituting B-spline functions (5) into approximate function (6), the nodal values of U m ,U m ,U m with regard to δ m are derived as follows:
and the variation of U over the element [x m , x m+1 ] is written by
Using the nodal values of U m and its space derivatives given by Eq. (7) in Eq.(3), we get (9) where . represents the derivative to time and
If we apply the Rubin and Graves [38] linearization approach to the U p−1 U x , we have the following formula:
Implementing the the Crank-Nicolson formula δ m = (9), which leads to the following recurrence relationship:
where
The recurrence relationship (11) comprises of (N + 1) linear equations, whereas this system involves
Using the boundary conditions given by (4), we delete δ −2 , δ −1 and δ N+1 , δ N+2 from the systems (11) . In this case, we can easily achieve the pentadiagonal matrix system
which can be solved with the help of penta-diagonal system. To obtain the better numerical results at each time step it is applied two or three inner iterations δ n * = δ n + 1 2 (δ n − δ n−1 ) to Z m . In order to start the iteration, initial parameters d 0 must be computed by using the following conditions:
So we have the matrix equation to the initial vector d 0 : 
The solution with penta-diagonal algorithm
As designed in Fortran program, the solution method with penta-diagonal algorithm is given as follows: The penta-diagonal system can be written by
Firstly, the parameters are established with
After that, we compute the parameters given by
Now we obtain the solution
Stability of the scheme
For the stability of the scheme, we follow the Von-Neumann technique. Also, we say that the U p in the non-linear term is locally constant. If the same steps in the presented numerical algorithm are performed, we obtain the following recurrence relation
Then, we substitute the Fourier mode δ n m = ξ n e imkh , where i = √ −1, h is step length, k is a mode number, into the above equation, which produces the following equality α 1 ξ n+1 e i(m−2)kh + α 2 ξ n+1 e i(m−1)kh + α 3 ξ n+1 e imkh +α 4 ξ n+1 e i(m+1)kh + α 5 ξ n+1 e i(m+2)kh = α 5 ξ n e i(m−2)kh + α 4 ξ n e i(m−1)kh + α 3 ξ n e imkh +α 2 ξ n e i(m+1)kh + α 1 ξ n e i(m+2)kh .
The modulus of |ξ| is 1, so that the linearized scheme is unconditionally stable.
Numerical Examples and Results
In this part, the numerical approach is implemented to three examples containing a single solitary wave, the collision of two solitary waves and the growth of an undular bore. The error in the L 2 and L ∞ norms are computed to check the efficiency and accuracy of the numerical scheme. For this, we use the exact solution of GRLW equation given in Eq. (17) and the following formulas:
The papers [13, 25] presented the exact solution of GRLW equation as
in which v + 1 is the velocity of the wave in the direction of propagation, x 0 is arbitrary constant and
defines amplitude. In addition, to register that the numerical scheme retains the physical quantities, we research the changes of the invariants related to mass, momentum and energy
A Single Solitary Wave
First test example is established with the initial condition to be t = 0 in Eq. (17) . In order to achieve the uniform and comparable numerical results, we follow the papers [19, 10, 13, 15, 17, 31, 25] In Tables 1, 2 . It is observed from the tables that the changes of three invariants from their initial state are less than 0.03% in all computer run. Also, we have found out that the magnitude of the L 2 and L ∞ error norms is adequately small with increasing p, time and velocity, as expected.
Secondly, we want to examine the quantity of the error norms at different velocity, space step and Tables 3, 4 . In these tables, the error norms are found to be small enough and the L ∞ error is always smaller than the L 2 error. Here, we should state that if it is chosen the parameters h = 0.1, ∆t = 0.01, v = 0.1, L ∞ error norm remains less than 0.34 × 10 −4 during the computer run. Table 5 reports that our error norms are smaller than those obtained with the other methods. In addition, three conservation laws are in agreement with the earlier works.
The behaviour of single solitary wave at different time levels is plotted in Fig. 1 . We can say that the solitary wave keeps its identity and moves to the right at constant velocity. Increasing the p, single solitary wave gathers more energy.
The Collision of Two Solitary Waves
Let consider the governing equation with the following initial condition which is the linear sum of two well separated solitary waves having different amplitude
in which v i and x i , i = 1, 2 are arbitrary constants. The computational data are recorded in Tables 6, 7 which denote that the quantities of the invariants change a little from their initial count and they are compatible with the paper [25] . The motion of two solitary waves is depicted at different time steps in Fig. 2, 3 . As seen in these figures, in time zero, the solitary wave with larger energy is behind the second wave with smaller energy. According to the solitary wave theory, the greater energy means the more velocity. Hence, in progress of time, the large wave attains to the smaller one and interposition takes place. In time, wave with larger energy leaves behind the second wave with smaller energy and it goes as such.
Numerical calculation is carried out with
p = 2, x ∈ [0, 250], h = 0.2, ∆t = 0.025, µ = 1, v 1 = 4, v 2 = 1, x 1 = 25, x 2 = 55; p = 3, x ∈ [0, 120], h = 0.1, ∆t = 0.01, µ = 1, v 1 = 48/5, v 2 = 6/5, x 1 = 20,
Undular bore
Finally, we have worked on the growth of an undular bore
which reflects the elevation of the water surface above the equilibrium point. The change in water level of magnitude Eq. (20) is centered on x = x c . To be consistent with the papers [11, 12, 1] , it is used the parameters
, 300]. The three conservation laws are given in Table 8 . From this table, we observed that the change in the invariants is reasonably small. The undulation profiles at different time steps are drawn in Fig. 4, 5, 6 . We can say that the number of undulations increases when the value of x rises and waves move like this for a time. Afterwards, undulations take the peak position and disappear.
Conclusion
A collocation method based on quintic B-splines has been constructed for obtaining the numerical solution of the GRLW equation. Using the von-Neumann technique, the method has been shown to be unconditionally stable. The QBSCM has been tested with three examples including a single solitary wave, the collision of two solitary waves and the growth of an undular bore. The error in the L 2 , L ∞ norms and three conservative quantities I 1 , I 2 and I 3 have been calculated to confirm the performance of the numerical scheme. The strong point of the QBSCM is that it reduces the problem into a system of first-order ordinary differential equation. Then, the system produces the recurrence relationship whose solutions can be found with the help of penta-diagonal system. Also, it is easy to apply the method for different values of ε and p which affect the non-linear term, velocity and initial condition. The findings prove that three physical quantities of motion remain constant during wave propagation and the results are the same as previous studies. The magnitude of our error norms is adequately small and it is better than the ones in earlier works. Hereby, the proposed scheme is a practical, accurate and powerful numerical technique. It can be confidingly used for solving the similar type non-linear problems.
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